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We predict the existence of an anomalous crossover between thermal and shot noise in macroscopic diffu-
sive conductors. We first show that, besides thermal noise, these systems may also exhibit shot noise due to
fluctuations of the total number of carriers in the system. Then we show that at increasing currents the
crossover between the two noise behaviors is anomalous, in the sense that the low-frequency current spectral
density displays a region with a superlinear dependence on the current up to a cubic law. The anomaly is due
to the nontrivial coupling in the presence of the long-range Coulomb interaction among the three time scales
relevant to the phenomenon, namely, diffusion, transit, and dielectric relaxation time.Shot noise and thermal noise are the two prototypes of
noise present in nature.1,2 Thermal noise is displayed by a
conductor at or near equilibrium, and is associated with its
conductance through Nyquist theorem3 SI
ther(0)54kBTG ,
where SI
ther(0) is the low-frequency current spectral density,
kB the Boltzman constant, T the temperature, and G the con-
ductance. Shot noise is due to the discreteness of the carriers
charge, and displays a low-frequency spectral density of cur-
rent fluctuations in the form SI
shot(0)5g 2qI¯ , where I¯ is the
average dc current, q the carrier charge, and g the so called
Fano factor. Being an excess noise, it can only be observed
under nonequilibrium conditions and provides information
not available from linear response coefficients such as con-
ductance. Following Landauer’s ideas,4 these two types of
noise are special forms of a more general noise formula rep-
resenting different manifestations of the same underlying mi-
croscopic mechanisms. As a result, for systems displaying
shot noise one should expect a continuous and smooth tran-
sition between the equilibrium thermal noise and the non-
equilibrium shot noise. Two examples of such transitions are
provided by the expressions
SI~0 !52qI¯ cothS qV2kBT D , ~1!
and
SI~0 !54kBTGF ~12g!1g qV2kBT cothS qV2kBT D G , ~2!
which represent standard transitions for a classical and a
quantum system, respectively.1,4 In previous equations V is
the applied voltage. In both cases one obtains SI
ther(0) at or
near equilibrium, when uqV/kBTu!1, and SI
shot(0) far from
equilibrium, when uqV/kBTu@1.
A variety of classical and quantum physical systems ex-
hibit the above coth-like crossover. Among them we note
p-n junctions,1 Schottky barrier diodes,1 tunnel diodes,1 and
mesoscopic diffusive conductors with coherent5 and semi-
classical transport.6,7 We remark that an essential feature of
the above formulas is to predict a monotonic increase of the
spectral density with current which never exceeds a linearPRB 620163-1829/2000/62~12!/8068~4!/$15.00dependence. Finally, we note that it is a common belief that
macroscopic conductors do not display shot noise.8
The aim of this article is to prove that macroscopic con-
ductors can display shot noise and that the transition between
thermal and shot noise shows a remarkable deviation from
the standard coth-like behavior. In particular, the region of
crossover shows a current spectral density that increases
more than linearly with current, up to a cubic dependence.
The system under consideration is a macroscopic homo-
geneous diffusive conductor of length L ~henceforth shortly
referred to as macroscopic diffusive conductor!. The conduc-
tor is considered to be macroscopic in the sense that the
sample length L satisfies L@l in ,le , where l in and le are the
inelastic and elastic mean free paths, respectively. Moreover,
homogeneous conditions implies that the stationary electric
field and charge density profiles are homogeneous. Although
at first sight it seems surprising that macroscopic diffusive
conductors are able to display shot noise, see, for instance
Ref. 8, it is easy to convince oneself that this is indeed the
case. The key argument is provided by the fact that the dif-
fusion of carriers through the sample, a part from velocity
fluctuations, also induce fluctuations of the total number of
particles inside the sample. These number fluctuations are
related to the fact that the time a carrier spends to cross the
sample depends on the particular succession of scattering
events, thus giving rise to fluctuations in the instantaneous
value of the total number of particles inside the sample. As a
consequence, besides the usual thermal noise associated with
velocity fluctuations, we will have an excess noise associated
with number fluctuations. Note that existing arguments
against the presence of shot noise in macroscopic conductors
are always based on the assumption that the number of fluc-
tuations are negligible, what is not always true in macro-
scopic diffusive conductors, as will be shown below.
That number fluctuations can give rise to shot noise can
be seen as follows. The excess noise associated with number
fluctuations can be characterized as9
SI
ex~0 !5S I¯N¯ D
2
SN~0 !, ~3!8068 ©2000 The American Physical Society
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spectral density of number fluctuations and N¯ the average
number of carriers inside the system. Furthermore, within an
exponential model for the decay of number fluctuations one
assumes SN(0)5dN2tN , where dN2 is the variance and tN
the relaxation time for such fluctuations.10 If the relaxation of
number fluctuations takes place on a time scale of the order
of the transit time tT , then one has tN;tT . By using in Eq.
~3! that the transit time for a homogeneous conductor is tT
5L/v5qN¯ / I¯ , where v is the drift velocity, and where we
have used I¯5qAn¯v , with A being the cross sectional area
and n¯ the average carrier density, we obtain SI
ex(0)
;q(dN2/N¯ ) I¯ , which is shot-noise-like.
Therefore, macroscopic diffusive conductors offer a new
and simple example in which to investigate in detail the tran-
sition between thermal and shot noise. To this purpose, we
need an explicit expression for the current spectral density
valid, in particular, in the transition region between thermal
and shot noise. This explicit expression can be obtained by
solving the appropriate equations for the fluctuations. For
simplicity the sample is assumed to have a transversal size
sufficiently thick to allow a one-dimensional electrostatic
treatment in the x direction and to neglect the effects of
boundaries in the y and z directions. Furthermore, since we
are interested in the low-frequency noise properties ~beyond
1/f noise!, we will neglect the displacement current. Accord-
ingly the standard drift-diffusion Langevin equation for a
macroscopic diffusive conductor reads11
I~ t !
A 5qnmE1qD
dn
dx 1
dIx~ t !
A , ~4!
which after linearization around the stationary homogeneous
state gives12
dI~ t !
A 5qmE
¯ hdnx~ t !1qn¯mdEx~ t !1qD
ddnx~ t !
dx 1
dIx~ t !
A .
~5!
Here, dEx(t) and dnx(t) refer to the fluctuations of electric
field and number density at point x, respectively, while dI(t)
refers to the fluctuations of the total current. Moreover, m is
the mobility, E¯ the average electric field, D the diffusion
coefficient, and the bar denotes a time average. We assume
that m and D may depend on n¯ , in order to include in the
model also degenerate conductors. The numerical factor h
5(11mN8 /m/n¯ ), with mN8 5]m/]n¯ , accounts for the possible
dependence of the mobility on the number density, and
dIx(t) is a Langevin noise source, which accounts for the
fluctuations of current due to the diffusion of carriers inside
the sample. It has zero mean and correlation function,
^dIx~ t !dIx8~ t8!&5
1
2 Kd~x2x8!d~ t2t8!, ~6!
where K54qAkBTmn¯ is the strength of the fluctuations.
Equation ~5! must be supplemented with the Poisson equa-
tionddEx~ t !
dx 52
q
e
dnx~ t !, ~7!
where e is the electric permittivity. Generally, Eqs. ~5! and
~7! are combined into a single equation for the electric field
fluctuation of the form
S d2dx2 1 1LE ddx 2 1LD2 D dEx~ t !5 dIx~ t !2dI~ t !eAD , ~8!
where LE5D/hmE¯ and LD5(De/mqn¯ )1/2. Here, LE /L
characterizes the ratio between a characteristic carrier energy
and the energy supplied by the applied voltage, and LD is the
Debye screening length. The ratio L/LD constitutes a rel-
evant indicator of the effects of the long-range Coulomb in-
teraction on the current fluctuations, since for L/LD!1, one
can neglect the term proportional to dEx(t) in Eq. ~5!, and
the equation for the current fluctuations becomes uncoupled
from the Poisson equation. Moreover, since contact effects
are negligible we will use as boundary conditions dn0
5dnL50, which gives
ddEx~ t !
dx U05
ddEx~ t !
dx UL50. ~9!
Equation ~8!, together with Eqs. ~6! and ~9!, constitute a
complete set of equations to analyze the noise properties of
macroscopic diffusive conductors. In the present form, they
can be used to describe both degenerate as well as nonde-
generate conductors. The fact that the same underlying scat-
tering mechanisms are responsible for the noise properties of
the system is reflected by the presence of a unique Langevin
source in the model. As Eq. ~8! is a second-order differential
equation with constant coefficients, its solution can be ob-
tained in a closed analytical form. Hence, from the expres-
sion of dEx(t) one can compute the voltage fluctuation under
fixed current conditions d IV(t)5*0LdxdEx(t) @where one
uses dI(t)50#, from which the current spectral density can
be obtained as SI(0)5G22*2‘1‘dtd IV(0)d IV(t), with G
5qAmn¯ /L . After simple but cumbersome algebra, the final
result can be written in the form
SI~0 !5SI
ther~0 !1SI
ex~0 !, ~10!
where
SI
ther~0 !5
K
L 54kBTG , ~11!
and where
SI
ex~0 !5K
~l2
22l1
2!
2L2l1
2l2
2
~el1L21 !~el2L21 !
~el2L2el1L!2
@l2~e
l2L11 !
3~el1L21 !2l1~el1L11 !~el2L21 !# . ~12!
Here, l1 and l2 are the two eigenvalues of Eq. ~8! and are
given by
l1,252
1
2LE S 16A114LE2LD2 D . ~13!
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low-frequency current spectral density of a macroscopic dif-
fusive conductor, and represent the main result of the present
paper. In Eq. ~10! we distinguish two different contributions.
The first one, SI
ther(0), corresponds to thermal noise. The
second one, SI
ex(0), constitutes an excess noise and it is di-
rectly related to carrier number fluctuations. This can be
proved directly by computing SN(0) from the solution of Eq.
~8! by considering that the number fluctuations are given
through dN(t)5A*0Ldxdnx5A(e/q)@dE0(t)2dEL(t)# .
One then obtains the identity
SI
ex~0 !5S I¯N¯ D
2
h2SN~0 !. ~14!
Equation ~14! is similar to Eq. ~3! except for the presence of
h , which accounts for the possible dependence of the mobil-
ity on carrier density. From Eqs. ~12! and ~14!, it can be
shown that when LD
2 /LE@L@LD or LD@L@LE one has
SI
ex~0 !52gqI¯ , ~15!
where g5hkBT] ln N¯ /]EF . This result proves the possibility
for macroscopic diffusive conductors to display shot noise.
By defining a characteristic time associated with number
fluctuations through tN5SN(0)/(dN2)eq, with (dN2)eq
5N¯ kBT] ln N¯ /]EF being the variance of number fluctuation
at equilibrium, Eq. ~15! corresponds to a situation in which
tN’(2/h)tT , thus confirming that when number fluctua-
tions relax on the time scale given by the transit time they
give rise to shot noise.
Now we are in a position to investigate the properties of
the transition between thermal and shot noise. In Fig. 1 we
display the current spectral density for an ohmic conductor
obtained from Eqs. ~10!–~12!, as a function of current for
different sample lengths. The current is normalized to IR
5GVR where VR5(n¯ /hq)]EF /]n¯ . In the present units the
curves corresponding to L/LD,1 are indistinguishable from
FIG. 1. Normalized current spectral density SI(0)/SIther(0) as a
function of the normalized current I¯/IR for different sample lengths
L/LD51,10,25,50, as obtained from present theory ~continuous
lines!. For L,LD the curves are indistinguishable from those cor-
responding to L/LD51. Also shown for comparison is a standard
crossover between thermal and shot noise for a classical system, as
given by Eq. ~1! ~empty squares!, and the cubic asymptotic expres-
sion of the anomalous crossover, as given in Eq. ~16! ~filled circles!.the curve corresponding to L/LD51. In the figure we can
easily identify the thermal and shot-noise regimes as the con-
stant and proportional to current behaviors, respectively.
Also depicted for comparison is the current spectral density
of Eq. ~1! that represents the standard transition between
thermal and shot noise for a classical system ~empty
squares!. Remarkably, while the transition between thermal
and shot noise follows the standard form for L,LD , in the
opposite case L.LD it is anomalous. The anomaly is char-
acterized by a spectral density that at most increases with the
third power of the current tending asymptotically to
SI~0 !
SI
ther~0 !
5F11 12 S LDL D 4S I¯IRD
3G , ~16!
which holds for 0<I&(L/LD)2IR as can be seen in Fig. 1,
where the filled circles represent Eq. ~16!. Since this anoma-
lous crossover is absent for L,LD , i.e., when the long-range
Coulomb interaction does not affect the current fluctuations,
we conclude that this interaction plays a central role in this
unexpected behavior.
To better understand the role of the long-range Coulomb
interaction in the origin of this anomaly, we will analyze
how the three characteristic times in the system combine to
yield tN . For the present case the following characteristic
times can be identified: the diffusion time tD5L2/D , the
dielectric relaxation time td5e/qn¯m and the already defined
transit time tT .
In Fig. 2 we plot tN as obtained from our theory as a
function of current for different sample lengths. Here, we
clearly identify two different behaviors for tN depending on
whether L/LD!1 or L/LD@1. For L/LD!1 we observe a
smooth transition between the equilibrium value tN’1/3tD
and the far from equilibrium value tN’(2/h)tT . This result
shows that when the long-range Coulomb interaction is not
effective, only tD and tT are relevant. As a consequence,
near equilibrium we have tD!tT and number fluctuations
are governed by diffusion, while far from equilibrium we
have tD@tT and they are governed by the transit time, thus
giving rise to shot noise. On the other hand, when L/LD
@1 the transition between the equilibrium value tN
’4(td /tD)1/2td and the far from equilibrium value tN
FIG. 2. Characteristic time for number fluctuations normalized
to the dielectric relaxation time tN /td as a function of the normal-
ized current I¯/IR for different sample lengths L/LD50.1,1 ~dashed
lines! and L/LD510,25,50 ~continuous lines!.
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The far from equilibrium behavior, being dominated by the
transit time, gives rise to shot noise, while in the intermedi-
ate region tN is proportional to the current, thus giving rise
to the cubic dependence of the current spectral density. No-
tice that the transition between the intermediate and the shot-
noise region takes place when tN;td;tT . From these re-
sults we conclude that the origin of the anomalous transition
between thermal and shot noise can be found in the non-
trivial coupling between the different characteristic times in
the presence of long-range Coulomb interaction.
From the previous analysis we argue that there are two
possible ways of providing an experimental test of our
theory. The first way is an indirect test to be performed at or
near equilibrium. It consists in proving the nontrivial cou-
pling of the characteristic times in the presence of the long-
range Coulomb interaction. In this case, when L/LD@1, one
should obtain a characteristic time for number fluctuations in
agreement with the relationship tN’4(td /tD)1/2td
54(e/qmn¯ )3/2D1/2/L . The second way is a direct test, which
consists in observing the current dependence of the current
spectral density. According to Eq. ~16! one should observe
the anomalous transition for L@LD when I¯*(L/LD)4/3IR ,
or analogously for V¯ /L5E¯ *(L/LD)4/3VR /L . To this end,
nondegenerate semiconductor systems offer the best possi-bilities. For a nondegenerate semiconductor, with typical pa-
rameters n¯;1014 cm23, T;300 K, e;10e0, one has LD
;0.4 mm and VR5kBT/q50.0259 V. Therefore for L
550LD520 mm one enters the anomalous regime for E¯
*2 kV/cm. This value of the electric field is experimentally
accessible. In addition, when I¯*(L/LD)2IR , that is for
V¯ /L5E¯ *(q/e)n¯L , one should enter the regime of shot
noise. For the parameters chosen above we obtain the condi-
tion E¯ *35 kV/cm, which is still experimentally
accessible.13
In summary, we have proven that a macroscopic diffusive
conductor can display shot noise, and that the transition be-
tween thermal and shot noise is anomalous when the length
of the sample is much longer than the Debye screening
length. The anomaly of the transition consists in a nonlinear
dependence of the low-frequency spectral density of current
fluctuations upon the current, which can lead up to a cubic
behavior. The origin of this unexpected behavior is related to
the nontrivial coupling among diffusion, dielectric relax-
ation, and drift in the presence of the long-range Coulomb
interaction.
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